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Abstract. In this paper, a differential-difference KdV equation is considered. We present
two Bäcklund transformations and corresponding nonlinear superposition formulae for it. As
an application of the obtained results,N -soliton solutions first obtained by Ohta and Hirota are
rederived. Furthermore, a sequence of rational solutions are also obtained. Thus the integrability
of the differential-difference KdV equation is further confirmed.

1. Introduction

Recently, Ohta and Hirota [1] proposed a differential-difference KdV equation

4

1+ a2un

du(n)

dt
= 13Mu(n)+ 6u(n)1Mu(n)+ a2[1M(u(n)12u(n))

+3(1Mu(n))(12u(n))] (1)

where1 andM are the difference and averaging operators defined by

1F(n) = 1
a

[F(n+ 1
2a)− F(n− 1

2a)] MF(n) = 1
2[F(n+ 1

2a)+ F(n− 1
2a)].

In the continuum limit asa −→ 0, 1 and M become∂/∂x and 1, respectively, and
equation (1) reduces to the KdV equation

4ut = uxxx + 6uux. (2)

Through the variable transformation

u(n) = 1

a2

{
f (n+ 2a)f (n− a)
f (n+ a)f (n) − 1

}
equation (1) is transformed into the bilinear form

(2aDz + 1)f (n+ a) · f (n) = f (n+ 2a)f (n− a) (3)

(8a3Dt − 3)f (n+ a) · f (n) = (2aDz − 3)f (n+ 2a) · f (n− a) (4)
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or

[2aDz sinh( 1
2aDn)+ cosh( 1

2aDn)− cosh( 3
2aDn)]f (n) · f (n) = 0 (5)

[8a3Dt sinh( 1
2aDn)− 3 cosh( 1

2aDn)− 2aDz sinh( 3
2aDn)

+3 cosh( 3
2aDn)]f (n) · f (n) = 0 (6)

wherez is an auxiliary variable and the bilinear operators are defined as follows [2–4]:

Dm
x Dn

t b · c ≡
(
∂

∂x
− ∂

∂x ′

)m (
∂

∂t
− ∂

∂t ′

)n
b(x, t)c(x ′, t ′)|x ′=x,t ′=t

exp(δDn)b(n) · c(n) ≡ exp

[
δ

(
∂

∂n
− ∂

∂n′

)]
b(n)c(n′)|n′=n = b(n+ δ)c(n− δ).

On the other hand, it is known that the KdV equation (2) also has the differential-difference
analogue [3, 5]

d

dt

(
wn

1+ wn

)
= wn−1/2− wn+1/2. (7)

However, just as pointed out by Ohta and Hirota [1], equation (7) does not converge to the
KdV equation in the continuum limit and it is necessary when deriving the KdV equation
to use the coordinates which move with an infinite velocity.

It has been shown in [1] that equations (5) and (6) possessN -soliton solutions.
Therefore, equations (5) and (6), or equivalently (1), are thought to be integrable in the
sense of passing the so-calledN -soliton test. In this paper, we consider the differential-
difference KdV equations (5) and (6) and present two different Bäcklund transformations
and corresponding nonlinear superposition formulae. As an application of the obtained
results,N -soliton solutions first obtained by Ohta and Hirota are rederived. Furthermore, a
sequence of rational solutions are also obtained. Thus the integrability of (5) and (6) or (1)
is confirmed.

This paper is organized as follows. In section 2, two different Bäcklund transformations
for the differential-difference KdV equations (5) and (6) are given. We present the
corresponding nonlinear superposition formulae of (5) and (6) in sections 3 and 4,
respectively. N -soliton solutions and a sequence of rational solutions are obtained. In
section 5, a conclusion and discussion are given. Finally, we list some bilinear operator
identities which are used in this paper in the appendix.

2. Bäcklund transformations for the differential-difference KdV equation

In this section we give two different B̈acklund transformations for equations (5) and (6).
These are given in the following propositions.

Proposition 1. A Bäcklund transformation for (5) and (6) is

exp(− 1
2aDn)f (n) · f ′(n) = [λ exp( 3

2aDn)+ µ exp( 1
2aDn)]f (n) · f ′(n) (8)

[2aDz + λ exp(2aDn)+ γ ]f (n) · f ′(n) = 0 (9)

[8a3Dt + 2λaDz exp(2aDn)− 2λ exp(2aDn)+ λγ exp(2aDn)+ k]f (n) · f ′(n) = 0 (10)

whereλ, µ, γ andk are arbitrary constants.
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Proposition 2. A Bäcklund transformation for (5) and (6) is

[cosh(aDn)− λ]f (n) · f ′(n) = 0 (11)

[aDz − λ sinh(aDn)]f (n) · f ′(n) = 0 (12)

[2a3Dt + 2λ sinh(aDn)− aλ2Dz − aλDz cosh(aDn)+ µ]f (n) · f ′(n) = 0 (13)

whereλ andµ are arbitrary constants.

In the following we only give the details of the proof of proposition 2. Proposition 1
can be proved in a similar way.

Proof of proposition 2. Let f (n) be a solution of (5) and (6). If we can find three equations
which relatef (n) andf ′(n) such that

P1 ≡ [2aDz sinh( 1
2aDn)+ cosh( 1

2aDn)− cosh( 3
2aDn)]f

′(n) · f ′(n) = 0

P2 ≡ [8a3Dt sinh( 1
2aDn)− 3 cosh( 1

2aDn)− 2aDz sinh( 3
2aDn)

+3 cosh( 3
2aDn)]f

′(n) · f ′(n) = 0

then this is a B̈acklund transformation. Here we show that (11)–(13) indeed provide a
Bäcklund transformation for (5) and (6).

Analogous to the proof in [5], we know thatP1 = 0 can be proved using (11) and (12).
Thus it suffices to show thatP2 = 0. Making use of (A1), (A2) and (A4), we have

−[cosh( 1
2aDn)f (n) · f (n)]P2 = 16a3 sinh( 1

2aDn)(Dt f (n) · f ′(n)) · f (n)f ′(n)
+12 sinh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
−4aDz cosh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
−4a sinh( 1

2aDn){[Dz cosh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
+[sinh(aDn)f (n) · f ′(n)] · [Dz sinh(aDn)f (n) · f ′(n)]}. (14)

On the other hand, using the fact thatP1 = 0 andf (n) is a solution of (5) we know that

[cosh( 3
2aDn)f

′(n) · f ′(n)][2aDz sinh( 1
2aDn)+ cosh( 1

2aDn)− cosh( 3
2aDn)]f (n) · f (n)

−[cosh( 3
2aDn)f (n) · f (n)][2aDz sinh( 1

2aDn)+ cosh( 1
2aDn)

− cosh( 3
2aDn)]f

′(n) · f ′(n) = 0

from which it follows, by using (A2) and (A5), that

a sinh( 1
2aDn){[Dz cosh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]

+[sinh(aDn)f (n) · f ′(n)] · [Dz sinh(aDn)f (n) · f ′(n)]}
= aDz cosh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
− sinh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]. (15)

Thus (14) becomes, by using (11), (15), (A3) and (A6),

−[cosh( 1
2aDn)f (n) · f (n)]P2 = 16a3 sinh( 1

2aDn)(Dt f (n) · f ′(n)) · f (n)f ′(n)
+16 sinh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
−8aDz cosh( 1

2aDn)[sinh(aDn)f (n) · f ′(n)] · [cosh(aDn)f (n) · f ′(n)]
= 16a3 sinh( 1

2aDn)(Dt f (n) · f ′(n)) · f (n)f ′(n)
+16 sinh( 1

2aDn)[λ sinh(aDn)f (n) · f ′(n)] · f (n)f ′(n)
−8a sinh( 1

2aDn){(Dzf (n) · f ′(n)) · [cosh(aDn)f (n) · f ′(n)]
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+[Dz cosh(aDn)f (n) · f (n)] · f (n)f ′(n)}
= 8 sinh( 1

2aDn){[2a3Dt + 2λ sinh(aDn)− aλ2Dz

−aλDz cosh(aDn)]f (n) · f ′(n)} · f (n)f ′(n)
= 0.

Thus we have completed the proof of proposition 2. �

3. A nonlinear superposition formula and soliton solutions

In this section, we shall give a nonlinear superposition formula for equations (5) and (6)
corresponding to the B̈acklund transformation (8)–(10). The result obtained is as follows.

Proposition 3. Let f0(n) be a solution of the differential-difference KdV equations (5) and
(6) and suppose thatfi(n), i = 1, 2, is a solution of (5) and (6), which is related byf0(n)

under the B̈acklund transformation (8)–(10) with (λi, µi, γi, ki), i.e. f0(n)
(λi ,µi ,γi ,ki )−→ fi(n),

for i = 1, 2, with λ1λ2µ1µ2 6= 0 andfj (n) 6= 0, j = 0, 1, 2. Thenf12(n) defined by

exp(aDn)f0(n) · f12(n) = c[λ1 exp(−aDn)− λ2 exp(aDn)]f1(n) · f2(n) (16)

wherec is an arbitrary non-zero constant, is a new solution of (5) and (6) which is related to
f1(n) andf2(n) under the B̈acklund transformation (8)–(10) with parameters (λ2, µ2, γ2, k2)
and (λ1, µ1, γ1, k1), respectively.

Proof. Analogous to the deduction of [6], we can show that

exp( 3
2aDn)f0 · f12 = c[−µ1 exp(− 1

2aDn)+ µ2 exp( 1
2aDn)]f1 · f2 (17)

exp( 1
2aDn)f0 · f12 = c[−µ1λ2 exp( 1

2aDn)+ λ1µ2 exp(− 1
2aDn)]f1 · f2 (18)

exp(− 1
2aDn)f1 · f12 = [λ2 exp( 3

2aDn)+ µ2 exp( 1
2aDn)]f1 · f12 (19)

exp(− 1
2aDn)f2 · f12 = [λ1 exp( 3

2aDn)+ µ1 exp( 1
2aDn)]f2 · f12 (20)

[2aDz + λ2 exp(2aDn)+ γ2]f1 · f12 = 0 (21)

[2aDz + λ1 exp(2aDn)+ γ1]f2 · f12 = 0. (22)

Thus, in order to prove the proposition, it suffices to show that

[8a3Dt + 2λ2aDz exp(2aDn)− 2λ2 exp(2aDn)+ λ2γ2 exp(2aDn)+ k2]f1 · f12 = 0 (23)

[8a3Dt + 2λ1aDz exp(2aDn)− 2λ1 exp(2aDn)+ λ1γ1 exp(2aDn)+ k1]f2 · f12 = 0. (24)

Sincef1(n) and f2(n) are two solutions of (5) and (6), then, analogous to the proof of
proposition 2, we have that

0= [cosh( 1
2aDn)f2 · f2][8a3Dt sinh( 1

2aDn)− 3 cosh( 1
2aDn)− 2aDz sinh( 3

2aDn)

+3 cosh( 3
2aDn)]f1 · f1− [cosh( 1

2aDn)f1 · f1][8a3Dt sinh( 1
2aDn)

−3 cosh( 1
2aDn)− 2aDz sinh( 3

2aDn)+ 3 cosh( 3
2aDn)]f2 · f2

+[cosh( 3
2aDn)f2 · f2][2aDz sinh( 1

2aDn)+ cosh( 1
2aDn)

− cosh( 3
2aDn)]f1 · f1− [cosh( 3

2aDn)f1 · f1][2aDz sinh( 1
2aDn)

+ cosh( 1
2aDn)− cosh( 3

2aDn)]f2 · f2

= 16a3 sinh( 1
2aDn)(Dt f1 · f2) · f1f2

+4 sinh(aDn)[exp( 1
2aDn)f1 · f2] · [exp(− 1

2aDn)f1 · f2]
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−4aDz cosh(aDn) · [exp( 1
2aDn)f1 · f2] · [exp(− 1

2aDn)f1 · f2]

[by (A1), (A2), (A4), (A5)]
= 8a3Dt [exp( 1

2aDn)f1 · f2] · [exp(− 1
2aDn)f1 · f2]

+4 sinh(aDn)[exp( 1
2aDn)f1 · f2] · [exp(− 1

2aDn)f1 · f2]

−4aDz cosh(aDn)[exp( 1
2aDn)f1 · f2] · [exp(− 1

2aDn)f1 · f2]

[by (A7)]

= 8a3Dt

[
− 1

cµ1λ2
exp( 1

2aDn)f0 · f12

]
· [exp(− 1

2aDn)f1 · f2]

−4 sinh(aDn)

[
− 1

cµ1
exp( 3

2aDn)f0 · f12

]
· [exp( 1

2aDn)f1 · f2]

+4aDz cosh(aDn)

[
− 1

cµ1
exp( 3

2aDn)f0 · f12

]
· [exp( 1

2aDn)f1 · f2]

[by (17), (18)]

= − 8a3

cµ1λ2
exp( 1

2aDn)[(Dt f0 · f2) · f1f12− f0f2 · (Dt f1 · f12)]

+ 2

cµ1
exp( 1

2aDn)[(exp(2aDn)f0 · f2) · f1f12− f0f2 · (exp(2aDn)f1 · f12)]

− 2a

cµ1
exp( 1

2aDn)[(Dz exp(2aDn)f0 · f2) · f1f12

−(exp(2aDn)f0 · f2) · (Dzf1 · f12)]

− 2a

cµ1
exp( 1

2aDn)[(Dzf0 · f2) · (exp(2aDn)f1 · f12)

−f0f2 · (Dz exp(2aDn)f1 · f12)]

[by (A8)–(A10)]

= − 1

cµ1λ2
exp( 1

2aDn){[8a3Dt − 2λ2 exp(2aDn)+ 2aλ2Dz exp(2aDn)

+λ2γ2 exp(2aDn)]f0 · f2} · f1f12

+ 1

cµ1λ2
exp( 1

2aDn)f0f2 · {[8a3Dt − 2λ2 exp(2aDn)+ 2aλ2Dz exp(2aDn)

+λ2γ2 exp(2aDn)]f1 · f12}
= 1

cµ1λ2
exp( 1

2aDn)f0f2 · {[8a3Dt − 2λ2 exp(2aDn)+ 2aλ2Dz exp(2aDn)

+λ2γ2 exp(2aDn)+ k2]f1 · f12}
which implies that (23) holds. Similarly we can show that (24) holds. Thus we have
completed the proof of proposition 3. �

As an application of this result, we give some soliton solutions. Choosef0(n) = 1,
c = 1/(λ1− λ2). It is easily verified that
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where

F12 = 1+ λ1λ2− 1

λ1− λ2
exp(η1)+ 1− λ1λ2

λ1− λ2
exp(η2)− exp(η1+ η2)

with, for i = 1, 2,

ηi = pin+ qiz+ ri t + η0
i λi = −exp(api)

qi = 1

a
sinh(api) ri = 1

4a3
sinh(2api)− 1

2a3
sinh(api).

ThusF is a two-soliton solution of (5) and (6). In general, continuing along this line, we
can easily re-derive multi-soliton solutions of the differential-difference KdV equation first
obtained by Ohta and Hirota.

4. Nonlinear superposition formula and rational solutions

In this section, we turn to consider the Bäcklund transformation (11)–(13). In the following,
we just focus on special B̈acklund parameters, i.e.λ = 1, µ = 0. In this case, (11)–(13)
become

[cosh(aDn)− 1]f (n) · f ′(n) = 0 (25)

[aDz − sinh(aDn)]f (n) · f ′(n) = 0 (26)

[2a3Dt + aDz − aDz cosh(aDn)]f (n) · f ′(n) = 0. (27)

We shall represent the transformation (25)–(27) symbolically byf (n) → f ′(n). Now let
f0(n) andf1(n) be two solutions of (5) and (6) andf0(n) → f1(n), with f0(n) 6= 0 and
f1(n) 6= 0. Suppose thatf2(n) is given by

sinh( 1
2aDn)f1(n) · f2(n) = k cosh( 1

2aDn)f0(n) · f0(n) (28)

wherek is a non-zero constant. From these assumptions and analogous to the deduction of
[7], we have

[cosh(aDn)− 1]f0 · f2 = 0 (29)

aDzf1 · f2− 2k cosh(aDn)f0 · f0 = c1(t, z)f
2
1 (30)

where c1(t, z) is a suitable function oft and z. Next, we have by using (A11), (28),
(A12)–(A14), (A3),

sinh( 1
2aDn)[a

2Dt f1 · f2− kDz exp(aDn)f0 · f0] · f 2
1

= a2Dt [sinh( 1
2aDn)f1 · f2] · [cosh( 1

2aDn)f1 · f1]

−k sinh( 1
2aDn)[Dz exp(aDn)f0 · f0] · f 2

1

= a2kDt [cosh( 1
2aDn)f0 · f0] · [cosh( 1

2aDn)f1 · f1]

−k sinh( 1
2aDn)[Dz exp(aDn)f0 · f0] · f 2

1

= 2a2k cosh( 1
2aDn)(Dt f0 · f1) · f0f1

−k sinh( 1
2aDn)[Dz exp(aDn)f0 · f0] · f 2

1

= k cosh( 1
2aDn)[(−Dz + Dz cosh(aDn))f0 · f1] · f0f1

−k sinh( 1
2aDn)[Dz exp(aDn)f0 · f0] · f 2

1

= − k cosh( 1
2aDn)(Dzf0 · f1) · f0f1

+k cosh( 1
2aDn)[cosh(aDn)f0 · f1] · [Dzf0 · f1]
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+k sinh( 1
2aDn)[sinh(aDn)f0 · f1] · [Dzf0 · f1]

−k sinh( 1
2aDn)[Dz sinh(aDn)f0 · f1] · f0f1

= − kDz cosh( 1
2aDn)[cosh(aDn)f0 · f1] · f0f1

−k sinh( 1
2aDn)[sinh(aDn)f0 · f1] · [Dzf0 · f1]

= 0

which implies that

a2Dt f1 · f2− kDz exp(aDn)f0 · f0 = c2(t, z)f
2
1 (31)

where c2(t, z) is a suitable function oft and z. Furthermore, we assume thatf2(n)

determined by (28) is chosen such thatci(t, z) = 0, i = 1, 2. In this case, we have

aDzf1 · f2− 2k cosh(aDn)f0 · f0 = 0 (32)

a2Dt f1 · f2− kDz exp(aDn)f0 · f0 = 0. (33)

By use of (32) and similar to the deduction of [7], we can show

[aDz − sinh(aDn)]f0 · f2 = 0. (34)

Finally, we have by using (A15) and (A16)

−{[2a3Dt + aDz − aDz cosh(aDn)]f0 · f2}f1

= {[2a3Dt + aDz − aDz cosh(aDn)]f0 · f1}f2

−{[2a3Dt + aDz − aDz cosh(aDn)]f0 · f2}f1

−a{[cosh(aDn)− 1]f0 · f1}zf2+ a{[cosh(aDn)− 1]f0 · f2}zf1

= − 2a3f0Dt f1 · f2− a ∂f0

∂z
(n+ a)[f1(n− a)f2(n)− f1(n)f2(n− a)]

−a ∂f0

∂z
(n− a)[f1(n+ a)f2(n)− f1(n)f2(n+ a)]

= − 2a3f0Dt f1 · f2+ 2a
∂f0

∂z
(n+ a) exp

(
−1

2
a
∂

∂n

)
sinh

(
1

2
aDn

)
f1 · f2

−2a
∂f0

∂z
(n− a) exp

(
1

2
a
∂

∂n

)
sinh

(
1

2
aDn

)
f1 · f2

= − 2a3f0Dt f1 · f2+ 2ak
∂f0

∂z
(n+ a)f0(n)f0(n− a)

−2ak
∂f0

∂z
(n− a)f0(n)f0(n+ a)

= 0

which implies that

[2a3Dt + aDz − aDz cosh(aDn)]f0 · f2 = 0. (35)

Thus we have shown the nonlinear superposition formula (28) for equations (5) and (6)
under the conditionsc1(t, z) = c2(t, z) = 0, andf2(n) is a new solution.

To summarize, we can seek particular solutions of the differential-difference KdV
equations (5) and (6) via the following steps. First, choose a given solutionf1(n) of
(5) and (6). Second, from the Bäcklund transformation (25)–(27) we findf0(n) such
that f0(n)→ f1(n) and, furthermore, obtain a particular solutioñf2(n) from (28). Then a
general solution of (28) isf2(n) = c(t, z)f1(n)+f̃2(n), wherec(t, z) is an arbitrary function
of t , z. Finally, we substitutef2(n) into (30) and (31). Ifc(t, z) can be determined such
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that c1(t, z) = c2(t, z) = 0, the correspondingf2(n) is a new solution of the differential-
difference KdV equation (5) and (6). As an application of the obtained result, we can obtain
a sequence of polynomial solutions of (5) and (6). For example, if we choosef0(n) = n+z
andf1(n) = 1, then it is easily verified thatn + z and 1 are two solutions of (5) and (6)
andn+ z→ 1. Furthermore, we can show that

f2(n) = (n+ z)3− a2(n+ z)− 2a2z− 3t + A
satisfies (32) and (33) withc = − 3

2a, whereA is an arbitrary constant. Further suppose

f0(n) = (n+ z)3− a2(n+ z)− 2a2z− 3t + A f1(n) = n+ z.
Then we seek a solution in the form

f2(n) = (n+ z)6+ a1(t, z)(n+ z)5+ a2(t, z)(n+ z)4+ a3(t, z)(n+ z)3
+a4(t, z)(n+ z)2+ a5(t, z)(n+ z)+ a6(t, z)

such that (28), (32) and (33) hold. A direct calculation shows that

k = − 5
2a a1 = 0 a2 = −5a2 a3 = 5[−2a2z− 3t + A]

a4 = 4a4 a5 = 16a4z+ 60a2t + B
a6 = −5A2+ 30At − 45t2+ 20Aa2z− 60a2tz− 20a4z2

whereA andB are arbitrary constants. In this way, we may deduce a sequence of polynomial
solutions of (5) and (6) and so the rational solutions of (1).

5. Conclusion and discussion

In this paper, we have given two different Bäcklund transformations of (5) and (6).
Furthermore, corresponding nonlinear superposition formulae have been shown. As a result,
N -soliton solutions first obtained by Ohta and Hirota are rederived, and a sequence of
rational solutions are also given. Our results provide further evidence that equations (5)
and (6) or equivalently (1), are completely integrable. It is noted that if we take (5) as a
differential-difference analogue of the KdV equation, (6) is naturally viewed as a higher-
order version of (5) in this sense.
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Appendix

The following bilinear operator identities hold for arbitrary functionsa, b, c andd:

[cosh(δDn)b · b] − [Dz sinh(δDn)a · a] − [cosh(δDn)a · a][D z sinh(δDn)b · b]

= 2 sinh(δDn)(Dt a · b) · ab (A1)

[cosh(3δDn)a · a][cosh(δDn)b · b] − [cosh(δDn)a · a][cosh(3δDn)b · b]

= 4 sinh(δDn)[sinh(2δDn)a · b] · [cosh(2δDn)a · b]

= 2 sinh(2δDn)[exp(δDn)a · b] · [exp(−δDn)a · b] (A2)

sinh(δDn)a · a = 0 (A3)
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[cosh(δDn)b · b][D z sinh(3δDn)a · a] − [cosh(δDn)a · a][D z sinh(3δDn)b · b]

= 2Dz cosh(δDn)[sinh(2δDn)a · b] · [cosh(2δDn)a · b]

+2 sinh(δDn){[Dz cosh(2δDn)a · b][cosh(2δDn)a · b]

+[sinh(2δDn)a · b] · [Dz sinh(2δDn)a · b]}
= Dz cosh(2δDn)[exp(δDn)a · b] · [exp(−δDn)a · b]

+ sinh(2δDn){[Dz exp(δDn)a · b] · [exp(−δDn)a · b]

−[exp(δDn)a · b] · [Dz exp(−δDn)a · b]} (A4)

[cosh(3δDn)b · b][D z sinh(δDn)a · a] − [cosh(3δDn)a · a][D z sinh(δDn)b · b]

= 2Dz cosh(δDn)[sinh(2δDn)a · b] · [cosh(2δDn)a · b]

−2 sinh(δDn){[Dz cosh(2δDn)a · b][cosh(2δDn)a · b]

+[sinh(2δDn)a · b] · [Dz sinh(2δDn)a · b]}
= Dz cosh(2δDn)[exp(−δDn)a · b] · [exp(δDn)a · b]

+ sinh(2δDn){[Dz exp(−δDn)a · b] · [exp(δDn)a · b]

−[exp(−δDn)a · b] · [Dz exp(δDn)a · b]} (A5)

Dz cosh(δDn)[sinh(2δDn)a · b] · ab
= sinh(δDn){(Dza · b) · [cosh(2δDn)a · b] + [Dz cosh(2δDn)a · b] · ab} (A6)

2 sinh(δDn)(Dt a · b) · ab = Dt [exp(δDn)a · b] · [exp(−δDn)a · b] (A7)

Dt [exp(δDn)a · b] · [exp(−δDn)c · d] = exp(δDn)[(Dt a · d) · cb − ad · (Dt c · b)] (A8)

2 sinh(2δDn)[exp(3δDn)a · b] · [exp(δDn)c · d]

= exp(δDn){[exp(4δDn)a · d] · cb − ad · [exp(4δDn)c · b]} (A9)

2Dz cosh(2δDn)[exp(3δDn)a · b] · [exp(δDn)c · d]

= exp(δDn){[Dz exp(4δDn)a · d] · cb − [exp(4δDn)a · d] · (Dzc · b)}
+ exp(δDn){(Dza · d) · [exp(4δDn)c · b] − ad · [Dz exp(4δDn)c · b]} (A10)

sinh(δDn)(Dt a · b) · a2 = Dt [sinh(δDn)a · b] · [cosh(δDn)a · a] (A11)

Dt [cosh(δDn)a · a] · [cosh(δDn)b · b] = 2 cosh(δDn)(Dt a · b) · ab (A12)

sinh(δDn)[Dz exp(2δDn)a · a] · b2

= cosh(δDn)[Dz cosh(2δDn)a · b] · ab
+ sinh(δDn)[Dz sinh(2δDn)a · b] · ab
− cosh(δDn)[cosh(2δDn)a · b] · [Dza · b]

− sinh(δDn)[sinh(2δDn)a · b] · [Dza · b] (A13)

Dz cosh(δDn)[cosh(2δDn)a · b] · ab
= sinh(δDn){[Dz sinh(2δDn)a · b] · ab − [sinh(2δDn)a · b] · [Dza · b]} (A14)

(Dt a · b)c − (Dt a · c)b = −aDt b · c (A15)

[Dz cosh(δDn)a · b]c − [Dz cosh(δDn)a · c]b + ∂

∂z
[cosh(δDn)a · b]c

− ∂
∂z

[cosh(δDn)a · c]b = ∂a

∂z
(n+ δ)[b(n− δ)c(n)− b(n)c(n− δ)]

+∂a
∂z
(n− δ)[b(n+ δ)c(n)− b(n)c(n+ δ)]. (A16)
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